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Abstract 

We prove that over a Fano manifold with K-energy of the canonical 
class 2nci bounded from below, the Chen-Tian energy functional E\ of 
the canonical class is allso bounded from below. 



1 Introduction 

One of the central philosophical points of modern Differential Geometry is in 
the idea that the existence of special metrics should imply strong geometric 
conditions on the manifold. An important example of special metrics are the 
extremal metrics of a Kahler manifold, introduced by Calabi |Cal| . By defini- 
tion extremal Kahler metrics of a positive (1, l)-cohomology class are Kahler 
metrics with minimal L 2 -norm of the scalar curvature with respect to all Kah- 
ler metrics in the same (1, l)-cohomology class. Calabi proved (see |Cal| ) that 
extremal metrics are exactly the Kahler metrics with holomorphic gradient of 
the scalar curvature. To any positive (1, l)-cohomology class Calabi and Futaki 
|Fut| associated an invariant such that its vanishing implies that the extremal 
metrics of the given class are exactly the metrics with constant scalar curvature. 
Moreover the vanishing of the Calabi-Futaki invariant is a necessary condition 
for the existence of metrics with constant scalar curvature. In the case of Fano 
manifolds, a positive multiple of the first Chern class admits a metric with con- 
stant scalar curvature if and only if the Kahler metric is Einstein. The problem 
of existence of Kahler-Einstein metrics over Fano manifolds has been the subject 
of intense study over the last two decades. Inspired from the work of Donaldson, 
Mabuchi introduced the K-energy functional [MabJ. In a joint work with Bando, 
|Ba-Ma| they proved that the existence of a Kahler-Einstein metric implies a 
lower bound of the K-energy and the uniqueness of the Kahler-Einstein met- 
ric modulo the action of automorphisms of the manifold. Recently it has been 
shown by Chen and Tian |Ch-Ti3| that the existence of an extremal metric in a 
given class implies the lower boundedness of the K-energy and the uniqueness 
of the extremal metric modulo the action of automorphisms. In the special case 
of a multiple of the first Chern class we have a very powerfull tool which is the 
Kahler-Ricci flow. Using a similar computation as in |Yauj it can be proved (see 
[Clfl]) that the Kahler-Ricci flow admit always a solution for all times. In |Ca,o| 
Cao proved that the solution converges to a Kahler-Einstein metric if the first 
Chern class is non positive. In this way he re-proved the celebrated Calabi- Yau 
theorem |Ya,uj . In the case of Fano manifolds the Kahler-Ricci flow does not 
allways converge, in fact there are Fano manifolds which do not admit Kahler- 
Einstein metrics [Eli], [Hi]- In |Ch-Tilj Che n and Tian give a proof which 
shows that the existence of a Kahler-Einstein metric over a Fano manifold with 
nonnegative bisectional curvature implies the convergence of the Kahler-Ricci 
flow. Their hypothesis on the nonnegativity of the bisectional curvature is just 
a temporary technical assumption. What they really need is that the positivity 
of the Ricci tensor is preserved under the Kahler-Ricci flow. In order to prove 
the convergence Chen and Tian introduced in [Ch-Ti2j a family of energy func- 
tionals Ek, k = 0, n — 1. Until now, only Eq and E\ plays a key role in the 
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convergence of the Kahler-Ricci flow. The functional Eq is just the K-energy. 
One of the crucial points of their proof is that, over Kahler-Einstein manifolds 
admiting a metric ujq such that the nonegativity of the Ricci tensor is preserved 
under the Kahler-Ricci flow with initial metric ujo, the energy functional E\ is 
lower bounded from below (so bounded) under the flow. In fact the energy func- 
tional E\ is always decreasing along the flows which preserve a certain uniform 
lower bound of the Ricci tensors of the evolved metrics. Very recently Song and 
Weinkove [So- We have answered a question of Chen jChej . showing that over 
Kahler-Einstein manifolds the energy functional E\ is bounded on the full space 
of potentials. We have the following general result. 

Theorem 1 Let X be a Fano manifold such that the K-energy functional of 
the canonical class 2irci(X) is bounded from below. Then the Chen-Tian energy 
functional E\ of the canonical class 2ttci(X) is allso bounded from below. 

This is an immediate consequence of the following theorem. 

Theorem 2 Let (X,uj) be a polarised Fano manifold with uj 6 2-kc\{X) and let 
Vuj and E\ M be respectively the the K-energy and the Chen-Tian energy func- 
tional with reference metric uj. Then there exist a constant C u depending only 
on uj such that for any Kahler-Ricci flow (wt)te[o.+oo) C 2irci(X) we have the 
inequality Ei tUJ (uj t ) > 2v u) {uj t ) + C u for all t 6 [0, +oo). 

We consider it necessary to write this note because our proof of theorem 2 is 
drastically simple. Moreover there are indications that our result will be usefull 
for a new existence criteria of Kahler-Einstein metrics. 

Acknowledgments. The result presented in this note has been reported dur- 
ing the visit of the author in Princeton University. The author is very grateful 
to Professors Jean-Pierre Demailly, Joseph Kohn and Gang Tian who made 
possible his long visit in this institution. The author is especially grateful to 
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convergence of the Kahler-Ricci flow. The author is allso very grateful to the 
referees for their nice suggestions which have contribute to improve the original 
version of this note. 



2 Energy functionals 

Let X be a Fano manifold of complex dimension n and let uj G 2irci(X). Let 
^2ttci := W > 0, uj G 2ttci(X)}, be the space of Kahler metrics in the class 
2ttc 1 (X). We consider also the corresponding space of potentials V u := {(p G 
£ (X, K) | iddip > —uj} and we define uj v := uj + iddip for every ip G V^. We will 
use also the notation f x :— (J x uj 71 )^ 1 J x for the average operator. We remind 
that the scalar curvature Sc(w) G £{X, R) of uj is defined by the formula 

Q ( \ T m- f \\ 2nRic(uj)Auj n - 1 
bc(uj) := Trace^(Ric(aj)) = , 

where Ric(a;) is the Ricci form. This definition coincides with the usual defini- 
tion of scalar curvature of the Riemannian metric g = uj{-,J-). We define the 
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Laplacian of a function / by the formula 

* , nn > . _ 2nid,B,f Aw™" 1 
A / := Trace (zdd/) = — . 

Our Laplacian differs by a minus sign from the usual Laplace-Beltrami operator 
associated to the Riemannian metric g = lj(-,J-), We remind also that an 
energy functional E is a continuous map E : JC^ Cl x A^ju-d — * K, which satisfies 
the conditions 

E(wi,w 3 ) = E(wi, w 2 ) + E(uj 2 , W3) 

E(cl>i,Wi) = 

for every wi, w 2 , w 3 e /C 27rci . 



The generalized energy functional. 

The generalized energy functional J w — > [0, +00) is defined by the formula 



■40) : = { id<p A dtp 

n + 1 / 

fc=o £ 

" z — n ^ 



If (<y9t)t e (_ Ei£ ) C 7^ is a C°° patht then we have the important formula 

j t f2f<Ptu> k Au,r k = (n + l)-f&u?, (1) 

where ^ := and w t := u) Vt . In fact consider the equalities 

k=o J x 
n „ 

n » 

= Y + (<p t uj k A Ut~ k + {n-k) Lp t (oj t ~ lj) A ui k A w™^ 1 ) 

n „ n „ 

= ^ (n - fc + 1) j & u k A Lu?~ k -J2(n-k)icp t co k+1 A uo^' 1 

k=0 \ k=0 £ 

X 

If we set J(ll>, lo v ) := Juiv) for any ui <E /C 27rCl then the formula implies that 
J is an energy functional. 
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The K-energy functional of the canonical class 2ttci. 
Consider the Kahler-Ricci flow (ujt)t, 



^-ujt =w t - Ric(w t ) (2) 



with initial metric uiq € Ki-kci- It was proved in filaB] that the Kahler-Ricci 
flow (uit)t exists for all t G [0, +00) and {tOt)t C K^ ei . This is because to solve 
the equation Q is sufficient to solve the equation in terms of potentials 

<i>t = log -*r + <Pt ~ K, (3) 

where (p t E V w , uo t = ui + iddip t and h w £ £(X,M.) is the the real Smooth 
function defined by the conditions 

Ric(w) = u} + iddh u , [ (e h " - l)u n = 0. 



X 



We remark that to find ip EV U solution of Einstein the equation Ric(w v ,) = u v , 
is equivalent to solve the equation 



O^log -£ + tp-h u , 



which is also equivalent to the constant scalar curvature equation Sc(w v ) = 2n. 
This last equation is the Euler-Lagrange equation of the K-energy functional 



v u {<p) :=j (log ^| + tp-h^ < --L-J2j^^ AuJ ^ k +j h^ n . 

X fe=0 X X 

In fact for every C°° path ((pt)te(-e,e) C 7-^ we have the identity 

J t "M - ~^(Sc(« t )-2n)o;?. (4) 

We prove now this identity. Set A t := A W( and consider the derivative 



x 

2~ i y A t 0i + t i<9<9 flog ^-/iJaw 

X X 

x 

t 2~ x Sc(w t ) + nj iptcu A uj^" 1 . 

X X 



n-1 
i 



4 



Moreover 



^j- ip t Ljf = j ipt uj r t l + nj (p t iddipt A w\ 



X X 

ipt uj" + j (fit {ut - w) A uj^ 1 
x x 



= (n + (ft cj" — nj iptuAoi" 1 . (5) 
x x 

Combining this two equalities with the identity we obtain the identity 10} . 
If we set v(uj,uj v ) :— v^i^p) for every u G K,2n Cl then the formula iQJ implies 
that ^ is an energy functional. We remark that under the Kahler-Ricci flow we 
have the identity 

Sc(w t ) = 2n- Au t <pt- 
Then using the identity iQJ we deduce the inequality 

^-^Ot) = 2- 1 jtp t A UJt if t Lu 7 t l = -nj idtpt A dipt Aw" -1 < 0, 
x x 

which shows that the K-energy decreases under the Kahler-Ricci flow. We re- 
mind now that the Futaki invariant /271-ci : H°(X,T X 7 ) — > R of the Kahler class 
2irc\{X) is defined by the formula 

/WO -=ii-Ku n 



X 

and the definition is independent of the choice of w 6 A^ci ■ We set by Aut° (X) 
the identity component of the group of J-holomorphic automorphisms of X . We 
have the obvious action Aut (X) x K,2 nci — > K-2wc x given by the pull back. We 
remind the following well known fact 

Lemma 1 Let (X, u>) be a compact Kahler manifold with uj 6 ■ 

1) If the K-energy v u is bounded from below then the Futaki invariant fi^ci is 
zero. 

2) If the Futaki invariant f2n Cl is zero then the K-energy is Aufj (X) -invariant. 

It will be usefull to write the K-energy functional under the following synthetic 
form 

u„ { V ):=j (log ^-h^y^ + jr^-J^^A^ + Co^ 

X k=0 X 

where ciq — n, — —1 for k > 1 and Co, w := f h u oj n . 

x 

The Chen-Tian energy functional E\ of the canonical class 2i:c\. 
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We define the energy functional Ei M :V U —* K of the canonical class 2wci by 
the formula 

BkA<P) ■= /(log ^-^(Ri^+w) A^- 1 



A' 



where 6q = 61 = n — 1, 6fe = —2 for fc > 2 and 



/i^(Ric(w) +w)Aw 



n-l 



This definition coincides with the Chen-Tian definition of the energy functional 
Ei,uj of the canonical class 2irci, (see |Ch-Ti2j ). In fact all that we need to show 
is that for every C°° path (ft)te(-e.e) C P u we have the identity 



(ft LO A L0 t 



x 



(6) 



Let prove this identity. The formulas and © implies the equality 



d_ 

dt 



x k=0 x 



ip t uj k A k 



= —n-h (fit lo A U) t 



n-l 



(7) 



A 



Moreover we have the equality 



d_ f 

dt 



j- tp t Lu A 



(fit to A oj" 1 + (n - 1)+" y>t i9(9<yi t A w A 



A 



A 



X 



(fit w A oj™ 1 + (n — 1)7- 0t (wt - u) AwAw 



,n-2 



A 



= n+ (fitU) Au>t — (n — 1)4- (fitU) Alu 



x 



,2 A , ,71-2 



Combining this last equality with the equality JJJ, we find the identity 

k=2 x x 

Then using the identity (QJ we find that the derivative of the quantity 



fc=0 



A 



X 
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n-l 
n+1 



ip t ui' t ++ (f t U! A UJ t 

Ix x 



n-l 



— ti 



tp t uj k A k = 



fc=0 



A" 



give us the required formula (HI- We remind also that |Ch-Ti2j for every C° 
path (tpt)te(-e .e) C P w we have the important identity 



n-i 



—E hu (ip t ) = + A t (/3 t Ric(o;t) A 

(n-l)^ t (Ric(c t ) 2 -^ 2 ) A^-l (8) 



which shows in particular that E^w^w^) := £1^(9?) is an energy functional. 
We are now in position to prove the theorem 2. 



3 Proof of the theorem 2 

Proof. Under the Kahler-Ricci flow ip t = log ^k+tpt — h u , we have the following 
expression for the K-energy functional 



:=-f(<Pt - ¥>*K + "jr -^j ft^ k A Wf "- k + Co,.. 



The identity Ric(cJt) = u>t — iddipt = ui + idd(ip t — ft) implies the following 
expressions for the energy functional E\ under the Kahler-Ricci flow 



Ei, u (<pt) = -+{ft ~ ft) Aidd(ip t - ft) Aw ; 



r 1 + z-f 



x 

E bk f 
n + lt 

k=o J x 

j id(tpt - ft) A 8(<p t ~ ft) A w t I1_1 + 2-1 {tpt ~ ft) 
x x 

2-f(<p t - <p t )idBf t a 1 



n-l 



ip t u k A^"-' + C lt 



= jid(cpt-<p t )Ad{<pt-ft)Au? 1 + 2+(ip t -ip t )u}? 

X X 

- 2-1 idtpt A dipt A lu^ 1 + 2+ idip t A dipt A cj"" 1 
x x 
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,„ , ,k a , ,n — k i /T 



Expanding the integral 

j id(ip t ~ ft) A 9(0* - ft) A w™ -1 = ^ idft A 9<£t A w™ -1 



x 



x 



-2-j- idft A dipt A w™" 1 + ^ idipt A d<^ t A w£ 



,n-l 



X 



X 



we find 

E\,u{ft) 



= 2j(tp t - (p t ) + f idtpt A dipt Aw™- 1 

j l dp t Adp t ho J r 1 +jz^- l j 

X k=0 X 



tp t u k Aoj?~ k + C hul . 



Then the trivial identity 
n — 1 



n+ 1 



if t LU Auj" 1 



i<9<p t A <9<p t A w. 



n-1 



n+l 



x x 



iftU) A u>™' 



implies the remarkable inequality 

E h0J (ip t ) = 2v <JJ {i Pt ) +Jidip t AdiptA^- 1 + C LU > 2v <JJ {i Pt ) + C u , 



x 

where C u is a constant depending only on u>. □ 
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